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The content is from [1, Chapter 4, Section 2].

Definition 1. A sequence of number {ξn}n∈N ⊂ [0, 1) is said to be equidistributed

if for any interval (a, b) ⊂ [0, 1),

lim
N→∞

#{1 ≤ n ≤ N : ξn ∈ (a, b)}
N

= b − a.

where the #A denotes the cardinality of the finite set A.

Definition 2. Let [x] denote the greatest integer less than or equal to x and call

[x] the integer part of x. Let 〈x〉 := x − [x] and call 〈x〉 the fractional part of x.

Theorem 1 (Weyl’s criterion). A sequence of number {ξn}n∈N ⊂ [0, 1) is equidis-

tributed if and only if for any k ∈ Z \ {0},

1
N

N∑
n=1

e2πikξn → 0, as N → ∞.

From Weyl’s criterion, we have following corollaries.

Corollary 1. Let P(x) : R → R, x 7→ cmxm + · · · + c0, where {c0, . . . , cm} ⊂ R and

one of them is irrational number. Then {〈P(n)〉}n∈N ⊂ [0, 1) is equidistributed.

Proposition 2. �α ∈ R \ Q. K{〈nα〉}n∈N3[0, 1]¥È�.

y{1. By Corollary 1 with m = 1, c0 = 0, c1 = α, we find that

{〈nα〉}n∈N = {〈P(n)〉}n∈N ⊂ [0, 1)

is equidistributed, and hence {〈nα〉}n∈N3[0, 1]¥È�. �

1



y{2(5glzc). �y{〈nα〉}n∈N 3[0, 1] ¥È�, =yé?¿ε ∈ (0, 1) Úx ∈

[0, 1],�3n ∈ N¦�|〈nα〉 − x| < ε. �½k ∈ NÚx ∈ [0, 1],e¡5�En. Ï

�α ∈ R \ Q,�{〈nα〉}n∈NüüØ�,l�3n, m ∈ N¦�

〈nα〉 − 〈mα〉 ∈ (0, ε).

5¿�

na = [nα] + 〈nα〉

ma = [mα] + 〈mα〉

�

〈(n − m)a〉 = 〈nα〉 − 〈mα〉 ∈ (0, ε).

�p := [x/〈(n − m)a〉],K

〈p(n − m)a〉 = p〈(n − m)a〉 ∈ (x − 〈(n − m)a〉, x]

�

〈p(n − m)a〉 − x ∈ (−〈(n − m)a〉, 0] ⊂ (−ε, 0]

�

Corollary 2. {sin n}n∈N is dense in [0, 1].
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